Abstract. We study numerical methods for solving a non-stationary mixed Stokes-Darcy problem that models coupled fluid flow and porous media flow. A decoupling approach based on interface approximation via temporal extrapolation is proposed for devising decoupled marching algorithms for the mixed model. Error estimates are derived and numerical experiments are conducted to demonstrate the computational effectiveness of the decoupling approach.
Introduction
A wide variety of real world applications involve different physical processes in different regions of a simulation domain. We are interested in the coupling between the surface and subsurface motion of a fluid, where the behavior of the fluid can be described by different partial differential equations, such as the free surface NavierStokes equations, the Navier-Stokes equations, or the Stokes equations in the surface region, and Darcy's law in the subsurface region [2, 6, 7, 23] . These coupled models find important applications in practice, for instance the simulation of flooding in dry areas. When further coupled with transport-diffusion equations, they can also be applied to study the propagation and diffusion of pollutants dispersed in water. In this paper, we focus on the coupled fluid flow and porous media flow modeled by a mixed Stokes-Darcy problem. There is a rich literature on the mathematical analysis, numerical methods and applications for the mixed Stokes-Darcy model; see, e.g., [1, 6, 7, 8, 9, 13, 14, 15, 16, 20] and the references therein.
Specifically, let us consider a fluid flow in Ω f coupled with a porous media flow in Ω p , see Figure 1 , where Ω f , Ω p ⊂ R d (d = 2 or 3) are bounded domains, Ω f ∩Ω p = ∅, and Ω f ∩ Ω p = Γ. Denote by Ω = Ω f ∪ Ω p , n f and n p the unit outward normal vectors on ∂Ω f and ∂Ω p , respectively, and τ τ τ i , i = 1, . . . , d − 1, the unit tangential vectors on the interface Γ. Note that n p = −n f on Γ. Let T > 0 be a finite time. The fluid flow is governed by the Stokes equations:
in Ω f , (1.3) where u f (x, t) represents the velocity of the fluid flow in Ω f , p f (x, t) the kinetic pressure, g f the external force, and ν > 0 the kinematic viscosity.
The porous media flow is governed by the following equations [2, 23] :
in Ω p × (0, T ] (Darcy's law), (1.5)
where ϕ(x, t) is the piezometric head, q is the specific discharge defined as the volume of the fluid flowing per unit time through a unit cross-sectional area normal to the direction of the flow, u p is the fluid velocity in Ω p , S 0 is the specific mass storativity coefficient, K is the hydraulic conductivity tensor, n is the volumetric porosity, and g p is the source term. Note that ϕ = z + p p ρg , the sum of elevation head plus pressure head, where p p is the pressure of the fluid in Ω p , ρ is the density of the fluid, g is the gravitational acceleration, and z is the elevation from a reference level. Without loss of generality, we assume z = 0. Furthermore, we assume that K = diag(K, . . . , K) with K ∈ L ∞ (Ω p ), K > 0, which implies that the porous media is homogeneous. Finally, by using Darcy's law (1.5), the continuity equation (1.4) in Ω p can be written in the parabolic form where α is a positive parameter depending on the properties of the porous medium and must be experimentally determined. The first interface condition (1.9) ensures the mass conservation across the interface Γ, and using (1.5) and (1.6), it can be rewritten as
The second condition (1.10) is the balance of the normal forces across the interface.
The third one (1.11) states that the slip velocity along the interface is proportional to the shear stress along the interface. There have been many discussions on this slip condition. It is even unclear if this third condition leads to a well-posed problem. However, it has been observed that in practice the term u p · τ τ τ i on the right hand side from the porous media flow is much smaller than other terms and is thus negligible. This leads to the most accepted interface condition, known as the Beavers-Joseph-Saffman law [3, 13, 14, 19, 21] :
which will be used in the rest of the paper.
Several types of boundary conditions for this coupled model are discussed in [6] . For simplicity, in this paper we assume the homogeneous Dirichlet boundary conditions for the coupled model, that is,
, where
The spaces H f and H p are equipped with the following norms:
We equip the space W with the following norms:
where (·, ·) D refers to the scalar product (·, ·) in the corresponding domain D for D = Ω f or Ω p , and ≈ refers to equivalent norms. For simplicity, we assume that n, ρ, g, S 0 , ν and K are constants. The given data u 0 f , ϕ 0 , g f , and g p are assumed to be smooth enough. The weak formulation of the above non-stationary Stokes-Darcy model reads as follows:
The well-posedness of the mixed Stokes-Darcy model (1.16)-(1.18) can be found in [6, 7] for the stationary case and is assumed to hold similarly for the non-stationary case. In this paper, we focus on its numerical solution.
Throughout this paper, we will use letters C andC (with or without subscripts) to denote generic positive constants independent of the discretization parameters k and h. For convenience, we will use the notation x y to denote that x ≤ Cy. We will also denote u(t) = (u f (t), ϕ(t)), p f (t), etc., by omitting x when there is no confusion.
It is known [6] 
, and a Γ (·, ·) are continuous, and a(·, ·) is coercive. Namely,
where α 0 is a positive constant. Furthermore, a Ω f (·, ·) and a Ω p (·, ·) are symmetric,
We are interested in decoupled numerical methods for the mixed model. There are many appealing reasons as discussed in [18] that have led to active research on developing effective and efficient decoupling techniques for multi-physics mixed models so that existing single-model solvers can be applied locally with little extra computational and software overhead. Most of the decoupled methods for the Stokes-Darcy model in the literature are developed for the stationary case. For example, iterative subdomain methods based on domain decomposition are proposed and studied in [6, 7, 8, 12] ; a Lagrange multiplier based approach is suggested in [15] ; a two-grid method is proposed in [18] ; and several decoupled pre-conditioners are constructed in [5] . For the non-stationary case, a Dirichlet-Neumann iterative method is proposed and numerical experiments are reported in [6] . In this paper, a decoupling approach based on interface approximation via temporal extrapolation is proposed for devising decoupled marching algorithms for the mixed model so that at each time level, two decoupled subproblems are solved independently by invoking a Stokes solver and a Darcy solver, respectively. Error estimates are derived and numerical experiments are conducted to demonstrate the computational effectiveness of the decoupling approach.
The rest of the paper is organized as follows. Both coupled and decoupled marching algorithms are presented in Section 2. The error analysis is given in Section 3. Numerical experiments are reported in Section 4, followed by conclusions in Section 5.
Numerical algorithms
We consider a triangulation T h of the domain Ω f ∪ Ω p , depending on a positive parameter h > 0, made up of triangles if d = 2, or tetrahedra if d = 3. We assume as in [6] that:
(1) each triangle or tetrahedra, say T , is such that int(T ) = ∅;
: B is a ball contained in T }; (5) the triangulations T fh and T ph induced on the subdomains Ω f and Ω p are compatible on the interface Γ; that is, they share the same edges (if d = 2) or faces (if d = 3) therein; (6) the triangulation T Γh induced on Γ is quasi-uniform; that is, it is regular and there exists a constant
Let W h = H fh × H ph ⊂ W and Q h ⊂ Q denote the finite element subspaces as introduced for the stationary mixed model in [6, 18] . The finite element spaces H fh and Q h approximating velocity and pressure in the fluid flow region are assumed to satisfy the well known discrete inf-sup condition: There exists a positive constant
Several families of finite element spaces designed for the Stokes problem are provided in [4] . They all satisfy the discrete inf-sup condition (2.1) and can thus be applied for H fh and Q h . Standard finite element approximations of H 1 (Ω p ) can be applied for H ph in the porous media flow region. For illustration, we assume that the finite element spaces of the first-order approximation O(h) are used in the fluid flow, such as the well-known MINI elements, and the porous media flow regions, such as the linear Lagrangian elements. The corresponding inverse estimates are well known:
The following estimates on the coupling term are also useful in our analysis.
Proof. (2.4) is a trivial extension of (1.19c). Furthermore, from a refined trace estimate (see [24] , page 17, with = h 1/2 ) and the inverse inequalities (2.2)-(2.3),
which proves (2.5).
We also introduce a subspace V h of W h defined by
and correspondingly, the projection
where
, we have the error estimates:
Without loss of generality, we assume a uniform mesh applied to the time interval .17) is formulated as an abstract time-dependent saddle-point problem. It is natural to consider the following first-order implicit marching scheme by applying the backward divided difference for the temporal discretization and the finite element Galerkin method for the spacial discretization, which leads to the coupled backward Euler scheme:
. Note that at each time level, CBES amounts to solving a stationary mixed Stokes-Darcy problem and is thus well-posed. Theoretical analysis and numerical experiments in the following sections will show that CBES is unconditionally stable and error estimates are also given. Higher-order marching schemes, such as the Crank-Nicolson scheme, may be applied if necessary. As in the stationary case, the major concern here is that a coupled problem must be solved at each time level. In principle, the decoupled methods developed for the stationary model can all be applied here at each time level. However, those methods either involve an iterative procedure, or a coarse-grid solver, or have other overhead and disadvantages.
2.2.
Decoupled marching schemes for the mixed model. We now propose a decoupling approach based on the temporal extrapolation on the interface, which will lead to efficient decoupled marching algorithms and easy implementation. Recall that a(·, ·) = a Ω (·, ·)+a Γ (·, ·). The key idea of the two-grid decoupling approach for the stationary model in [18] is to approximate the interface coupling term a Γ (·, ·) by a coarse-grid solution. A straightforward extension of the two-grid approach to the time-dependent setting is to approximate the term a Γ (u 
. Decoupled Backward Euler Scheme (DBES)
It is easy to see that DBES is also well-posed. Furthermore, at each time step, the discrete model (2.13)-(2.15) is equivalent to two decoupled problems that correspond to a Stokes problem in Ω f and a Darcy problem in Ω p , respectively, with associated boundary conditions defined by u h,m−1 from the previous time level on Γ. More specifically, the discrete Stokes problem in the fluid region Ω f reads as follows: Find u 
Similarly, higher-order extrapolations may applied to further improve the approximation accuracy, if necessary. For instance, one may approximate u m h by 2u
in the interface coupling term due to the second-order extrapolation
Error analysis
The error analysis for the decoupled algorithm DBES is divided into two parts. First, we derive error estimates for the coupled scheme CBES, which is more convenient than directly working on the decoupled scheme. Then, we compare the difference between the coupled and decoupled schemes, which finally leads to the required error estimates for the decoupled scheme.
For convenience, let us introduce the following notation. We denote the backward divided difference operator d t by
) as the solution to the following problem:
We also denote
Similarly, we also introduce the divided differences
Error estimates for CBES. Let us define a projection operator
Note that (3.4)-(3.5) correspond to a stationary mixed Stokes-Darcy problem and is thus well defined from [6, 7] . Apparently, P h is a linear operator. Therefore, for any (w(t),
Furthermore, under a certain smoothness assumption on (w(t), p(t)), we have the following error estimates:
from [6] and
from [18] .
From now on, we assume that (3.15) where 
Since a(·, ·) is coercive, it follows that
Finally note that θ
h. Therefore, from (3.16) we obtain
Estimate (3.9) then follows from (3.12), (3.14) and (3.20) . 
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Therefore,
Then we have
It follows from Gronwall's lemma that 
which implies 
By definition,
Recall that θ 
On the other hand, we have from (3.17),
Thus,
Combining (3.29) with (3.30), (3.31) and (3.32), we arrive at
In summary, we have from (3.15),
Therefore, from the discrete inf-sup condition (2.1), it follows that 
Thus, (3.11) follows from (3.26), (3.27) and (3.34) . This completes the proof of the theorem. 
The following lemma gives upper bounds for the solution u m h of CBES, which will be used in the error estimates for e m in Theorem 2. For completeness, the proof of Lemma 2 is included in the Appendix.
Lemma 2. For CBES (2.10)-(2.12), we have
Furthermore, there exist constants C 1 > 0 and C 2 > 0 independent of h, such that if
The positive constants M 0 and M 1 above are independent of k and h. 
by using the identity (see [11] ) 
The left hand side of (3.47) can be written as
By using the estimate (3.37), we arrive at
Then the estimate (3.41) follows by using Gronwall's lemma. 
Taking v h = 2kd t e m in (3.50) and using the divergence-free property and Lemma 1 with ε = k, we obtain
where the last inequality follows from a properly chosen constant C in (3.38). Similarly, the left hand side of (3.52) can be written as
which leads to From (3.46), we have
by using (3.37). Thus, 
The discrete inf-sup condition (2.1) then implies 
Note that we have imposed the condition k = O(h) in (3.38) for the error analysis of DBES, which is usually satisfied in practical computation in order to balance the accuracy in temporal and spacial approximations. In contrast, the fully explicit Euler scheme, although automatically decoupled, is subject to a severe stability condition k = O(h 2 ) as usual.
Numerical experiments
For illustrating the convergence performance and mechanism, we report on our numerical experiments for both coupled and decoupled marching algorithms CBES and DBES.
Let the computational domain Ω be composed of Ω f = (0, 1) × (1, 2) and Ω p = (0, 1) × (0, 1) with the interface Γ = (0, 1) × {1}. In the first testing problem, all the physical parameters n, ρ, g, ν, K, S 0 and α are simply set to 1. The Dirichlet boundary conditions are imposed for velocity u f on ∂Ω f \Γ and for the piezometric head ϕ on ∂Ω p \Γ. The initial conditions, boundary conditions, and the forcing terms are chosen such that the exact solution is given by
The finite element spaces are constructed by using the well-known MINI elements for the fluid flow and the linear Lagrangian elements for the porous media flow. In the implementation of the algebraic solver for CBES, an augmented Lagrangian algorithm (see II.5.2 in [4] ) is used to solve the saddle-point problem iteratively for p f , and at each iteration the MATLAB GMRES routine is used to solve a coupled system for u f and ϕ. For DBES, a conjugate gradient algorithm (see (21. 2)-(21.12) in [10] ) is applied in the Stokes solver. Furthermore, the MATLAB PCG routine with the sparse incomplete Cholesky factorization preconditioner is applied in various places of the implementation whenever an SPD problem is to be solved. The tolerance ε is set to be 10 −8 for the stopping criteria of the pressure iteration in both the augmented Lagrangian algorithm and the conjugate gradient algorithm. The tolerance and the maximum number of iterations in the MATLAB GMRES and PCG routines are set to be 10 −10 and 1000, respectively. We focus on the decoupled algorithm DBES. To demonstrate its convergence, we list in Table 1 and Table 2 the errors between the computed solution and the exact solution with varying spacing h and time step k.
To examine the orders of convergence with respect to the spacing h, let us study the errors with a fixed time step k = 0.01 and varying spacing h = 1/2, 1/4, 1/8, 1/16, 1/32 by a mid-point mesh refinement. With such a small time step, observe from Table 2 (·) to estimate the corresponding order of convergence with respect to h. It is clearly seen from Table 3 that the error estimates of u in Corollary 1 for the orders of convergence in space agree with the numerical experiments. It is also interesting to observe that the numerical rates for the Stokes pressure in L 2 seem to be better than the theoretical rates (3.58). We take a more accurate, but slightly more sophisticated, approach to examine the orders of convergence with respect to the time step k because the approximation . Therefore, if we define Table 4 with varying time step k, but a fixed spacing h = 1 8 , which clearly suggests that the concerned orders of convergence in time are all of O(k) for DBES. To further confirm this same observation, we also list in Table 5 another set of values of ρ k,v with varying time step k, but a different spacing h = 1 16 for DBES. Therefore, the numerical experiments strongly suggest that the orders of convergence in time in the error estimates (3.57) and (3.58) for the H 1 -norm of u and the L 2 -norm of pressure p f might not be optimal for DBES, and may be further improved from O(k 1/2 ) to O(k) by a finer analysis. However, the error estimate (3.56) for the L 2 -norm of u is optimal in both time and space for DBES.
Finally, for comparison, we list in Table 6 the exact solution and the solutions for CBES and DBES at selected locations, with varying spacing h from 1/2 to 1/16 and with a fixed time step k = 0.01. It is seen that DBES almost retains the same accuracy as CBES, and the approximation accuracy does not deteriorate due to the decoupling technique.
It is also of practical interest to examine the effects of the physical parameters. For illustration, we consider another test problem with the varying hydraulic conductivity K, while other parameters n, ρ, g, ν, S 0 and α, as well as the computational domain and boundary conditions, remain the same as in the previous test problem. However, the initial data, boundary data, and the forcing terms are 
